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GRAPH BURNING: TIGHT BOUNDS ON THE BURNING
NUMBERS OF PATH FORESTS AND SPIDERS
TA SHENG TAN AND WEN CHEAN TEH ∗
Abstract. In 2016, Bonato, Janssen, and Roshanbin introduced graph burn-
ing as a discrete process that models the spread of social contagion. Although
the burning process is a simple algorithm, the problem of determining the least
number of rounds needed to completely burn a graph, called the burning number
of the graph, is NP-complete even for elementary graph structures like spiders.
An early conjecture that every connected graph of order m2 can be burned in
at most m rounds is the main motivator of this study. Attempts to prove the
conjecture have resulted in various upper bounds for the burning number and
validation of the conjecture for certain elementary classes of graphs. In this
work, we find a tight upper bound for the order of a spider for it to be burned
within a given number of rounds. Our result shows that the tight bound de-
pends on the structure of the spider under consideration, namely the number of
arms. This strengthens the previously known results on spiders in relation to
the conjecture. More importantly, this opens up potential enquiry into the con-
nection between burning numbers and certain characteristics of graphs. Finally,
a tight upper bound for the order of a path forest for it to be burned within a
given number of rounds is obtained, thus completing previously known partial
corresponding results.
1. Introduction
Graph burning is a process that models the spread of social contagion [4, 12].
It is a discrete-time deterministic process. Suppose G is a simple finite graph.
Initially, every vertex of G is unburned. At the beginning of every round t ≥ 1,
a burning source is place at an unburned vertex, turning its status to burned.
A burned vertex remains burned throughout the process. If a vertex is already
burned at round t− 1, then its unburned neighbors (if any) become automatically
burned at (the end of) round t. The burning process is completed when all vertices
are burned. The burning number of G, denoted by b(G), is the least number of
rounds needed for the burning process to be completed. Equivalently, b(G) is the
least number m such that the set of vertices of G can be covered by m balls of
radii 0,1,2, . . . ,m−1 respectively, where any vertex of G at graph distance at most
r from v can be covered by the ball of radius r placed at v. We say that a graph
is m-burnable if its burning number is at most m.
The study on graph burning can be focused on trees because for any connected
graph G, we see from [4] that
b(G) = min{ b(T ) ∣ T is a spanning tree of G}.
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Furthermore, if T ′ is a subgraph of a tree T , then b(T ′) ≤ b(T ), which is generally
not true if T were not a tree [4]. In fact, even elementary tree structures like
spiders can be deemed complicated because it is NP-complete [1] to compute
their burning numbers.
In this exposition, unless stated otherwise, lower case variables are assumed to
be integer-valued and positive.
Theorem 1.1. [4] The burning number of every path of order m is ⌈√m⌉.
Bonato, Janssen, and Roshanbin [4] showed that the burning number of any
connected graph of order m is bounded above by 2
√
m−1. In the same exposition,
they made the following conjecture, which remains open.
Burning number conjecture. The burning number of every connected graph of
order m is at most ⌈√m⌉.
Attempts to prove the burning number conjecture result in improved upper
bounds. Bessy, Bonato, Janssen, Rautenbach, and Roshanbin [2] proved that
b(G) ≤ ⎛⎝
√
32
19
+ o(1)⎞⎠√m
for every connected graph G of order m. Later, Land and Lu [9] improved this
bound to ⌈−3+√24m+33
4
⌉. However, the burning number conjecture remains open.
Meanwhile, other authors have taken a different approach and verified the burning
number conjecture for some classes of graphs, including, the generalized Petersen
Graphs [13], the hypercube graphs [11], and the circulant graphs [8]. Unsurpris-
ingly, the burning number conjecture has also elevated the interests in the class of
spiders, which is the main focus of this study.
Suppose n ≥ 3. An n-spider is a tree with exactly one vertex of degree n, called
the head of the spider, and every other vertex has degree at most two. The paths
from the head to the leaves of the spider are called arms. The distance along
an arm from the head to its leaf is its arm length, which equals the number of
vertices on the arm excluding the head. The vertex next to the head of an arm
is considered the first vertex of the arm and so forth. We say that an n-spider is
balanced if all its arms have the same length. For our induction purposes, we also
regard a path of length l as a 2-spider with arm lengths l1 and l2 (not unique)
such that l1 + l2 = l.
Theorem 1.2. [6, 7] Every spider of order at most m2 is m-burnable.
In this study, we strengthen Theorem 1.2 by finding an exact tight bound
N(n,m) such that every n-spider of order at most N(n,m) is m-burnable. Our
work is motivated by the instinct that the more deviation a tree is from a path,
the less likely for it to violate the burning number conjecture. More precisely, the
more arms a spider has, the larger its order has to be before it becomes unburnable
within a given number of rounds. Before we spell out our main result, we give the
following definition.
Definition 1.3. For every m ≥ 2 and n ≥ 2, let Ispn,m denote the largest integer N
such that every n-spider of order at most N is m-burnable.
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For example, Isp
3,2 = 5 and Isp3,3 = 9. By Theorem 1.1, I2,m = m2 for all m ≥ 2.
Since the n-spider of order m2 + n − 1 with arm lengths m2 − 1,1,1, . . . ,1´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−1 times
contains
the path of order m2+1 as a subtree, it is not m-burnable. Hence, by Theorem 1.2,
m2 ≤ Ispn,m ≤m2 + n − 2 for every integer m,n ≥ 2. Our first main result completely
ascertains the values Ispn,m.
First Main Theorem. Let n ≥ 2. Then
(1) Ispn,m =m2 + n − 2 for all m > n;
(2) Ispn,m =m2 + n −m for all 2 ≤m ≤ n.
Remark 1.4. If one of the arm of an n-spider (for n > 2) has length one, then
deleting that arm results in a subspider with the same burning number.
It is conceivable that, for most spiders, the most efficient burning strategy would
involve placing the first burning source at the head. When this is the case, the
remaining vertices unburned by the first source in the whole burning process form
a disjoint union of independent paths, which is called path forest. Hence, the
study of the burning of spiders is closely connected to that of path forests. By
path orders of a path forest, we mean the respective numbers of vertices in each
of its paths.
The earliest result regarding path forests says that b(T ) ≤ √∣T ∣ + n − 1 for any
path forest T with n paths [4]. Bonato and Lidbetter [6] obtained two new upper
bounds, which together provide improvement over the previous bound. Indepen-
dently, Das, Dev, Sadhukhan, Sahoo, and Sen [7] obtained an exact tight bound
on the order of certain path forest for it to be burned within a given number of
rounds.
Theorem 1.5. [7] Let m ≥ n ≥ 2 and suppose T is a path forest with n paths such
that all but possibly one of the paths have order at most m. If∣T ∣ ≤m2 − (n − 1)2
then T is m-burnable.
The upper bound is tight because the path forest of order m2 − (n − 1)2 + 1 and
path orders 2,2, . . . ,2´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−1 times
,m2 − n2 + 2 is not m-burnable. We suspected that apart
from this unique path forest, every other path forest of order m2 − (n − 1)2 + 1 is
m-burnable. This leads to our second main result, which says that the condition
in Theorem 1.5 placed on the path forests can be lifted completely.
Definition 1.6. For every m ≥ n ≥ 2, let Ipfn,m denote the largest integer N such
that every path forest with n paths of order at most N is m-burnable.
Second Main Theorem. I
pf
n,m =m2 − (n − 1)2 for all m ≥ n ≥ 2.
We end the introduction by highlighting some of the works on graph burn-
ing. Bounds on the burning numbers of Cartesian products, strong products,
and lexicographic products of graphs have been studied in [11]. Randomness is
injected into the study of graph burning in [10]. A variance of the burning pro-
cess, where the underlying graph may evolve over time, were recently introduced
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by Bonato, Gunderson, and Shaw [3]. Finally, since the graph burning problem
is NP-complete, it has triggered the pursuit of polynomial time approximation
algorithms for the burning numbers of classes of graphs [1, 5, 6].
2. Main Result on Spiders
In this section, we prove a series of lemmas and theorems leading to our First
Main Theorem. The technical lemmas deal with path forests (Lemma 2.2 and
Lemma 2.5) and spiders (Lemma 2.3 and Lemma 2.8) with certain specified struc-
tures. First, we make a simple observation that will be repeatedly used in the
proofs throughout the paper.
Remark 2.1. During a burning process, a single burning source can be used to
burn a path of order (at most) 2m−1 in m rounds, by placing this burning source
at the center of the path.
Lemma 2.2. Let n ≥ 2 and suppose T is a path forest with path orders l1 ≥ l2 ≥
⋯ ≥ ln such that ln = 1 and ln−1 ≥ 3. If the order of T is at most 4n − 4, then T is
n-burnable.
Proof. We argue by induction. The base step n = 2 is straightforward. For the
induction step, suppose n > 2 and the lemma is true for n − 1. We may assume
that T is a path forest of order 4n − 4 with path orders l1 ≥ l2 ≥ ⋯ ≥ ln such that
ln = 1 and ln−1 ≥ 3. Then it can be deduced that 4 ≤ l1 ≤ n + 1. Let T ′ be the
path forest obtained by deleting the first path of T . Since ∣T ′∣ ≤ 4(n − 1) − 4, by
the induction hypothesis, T ′ is (n − 1)-burnable. Therefore, T is n-burnable by
placing the first burning source at the/a center of the first path of T and then
follow the burning sequence of T ′. 
Lemma 2.3. Let m > n ≥ 2 and suppose T is an n-spider of order m2 +n−2 such
that every arm length is at most 2m − 1. Then T is m-burnable.
Proof. Let T be an n-spider as in the lemma and let 2m−1 ≥ l1 ≥ l2 ≥ ⋯ ≥ ln denote
the arm lengths of T . So we have l1+l2+⋯+ln =m2+n−3. If li ≤ (m−1)+(2m−1−2i)
for all 1 ≤ i ≤ n, then it is straightforward that T is m-burnable. Indeed, we can
place the first burning source at the head of T , which will burn the first m − 1
vertices of each arm in m rounds. For each 1 ≤ i ≤ n, to burn the remaining path
of order at most 2m−1−2i on the i-th arm, we place the (i+1)-th burning source
at the center of this path (if this path is nonempty). From Remark 2.1, we deduce
that these n + 1 burning sources are sufficient to burn T in m rounds.
Hence, we may assume there is a least k such that
lk > (m − 1) + (2m − 1 − 2k) = 3m − 2 − 2k.
Since lk ≤ 2m − 1, it follows that 2k ≥m.
Let l′i = li − (3m − 2 − 2k) for all 1 ≤ i ≤ k. Note that
l′1 + l
′
2 +⋯ + l
′
k + lk+1 + lk+2 +⋯+ ln =m2 + n − 3 − k(3m − 2 − 2k),
l′
1
≥ l′
2
≥ ⋯ ≥ l′k ≥ 1, and lk+1 ≥ lk+2 ≥ ⋯ ≥ ln ≥ 1. The following is our key technical
observation.
m2 + n − 3 − k(3m − 2 − 2k) ≤ n +m − 3 (∗)
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Assume (∗) holds and we consider a burning process using m rounds where the
first burning source is placed at the head of T . Then lk+1+lk+2+⋯+ln ≤ n+m−3−k.
It follows that lk+1 ≤ m − 2 and thus the last n − k arms (provided, k < n) would
be completely burned by the first source at the head in m rounds.
On the other hand, l′
1
+ l′
2
+⋯+ l′k ≤ n+m− 3− (n− k) =m− 3+ k. If l′k ≥ 3, then
as 2k ≥m, we have l′
1
+ l′
2
+⋯+ l′k ≥ 3k >m−3+k, which is a contradiction. Hence,
l′k ≤ 2.
By our choice of k and a burning process similar to the one before, it follows
that the first k + 1 burning sources would burn the entire T in m rounds, except
possibly the last l′k vertices of the k-th arm. In the scenario when m ≥ n + 3, or
when m = n + 2 with k ≤ n − 1, or when m = n + 1 with k ≤ n − 2, there are at least
two rounds left after the first k + 1 rounds. Hence, placing the (k + 2)-th burning
source at the last vertex of the k-th arm suffices to complete the burning process
since l′k ≤ 2.
Therefore, there are three remaining special cases.
Special Case 1. m = n + 2 and k = n.
In this case, l′
1
+ l′
2
+ ⋯ + l′n = n + 1 and thus l′n = 1. Hence, this sole vertex
unburned by the first n + 1 sources can be burned by the last remaining source.
Special Case 2. m = n + 1 and k = n − 1.
In this case, l′
1
+ l′
2
+ ⋯ + l′n−1 + ln = n + 1 and n ≥ 3 (since n − 1 = k ≥ m2 ≥ 32),
implying that l′n−1 = 1. Similarly, this sole vertex unburned by the first n sources
can be burned by the last remaining source.
Special Case 3. m = n + 1 and k = n.
In this case, l′
1
+ l′
2
+⋯+ l′n = 2n−2. Although l′n = 1, there is no more remaining
burning source and thus a different burning process is necessary. Note that ln =
l′n + (3m − 2 − 2k) = n + 2. We consider a burning process of T where the first
burning source is placed at the first vertex on the last arm. This first source will
burn the first n + 1 vertices of the last arm and the first n − 1 vertices of each of
the first n − 1 arms in n + 1 rounds. Let l′′i = li − (n − 1) for each 1 ≤ i ≤ n − 1 and
l′′n = 1. Then the vertices remain unburned by the first souce in n + 1 rounds form
a path forest T ′′ with path orders l′′
1
≥ l′′
2
≥ ⋯ ≥ l′′n such that l′′n = 1 and l′′n−1 ≥ 3.
Since ∣T ′′∣ = (n + 1)2 + n − 3 − (n − 1)(n − 1) − (n + 1) = 4n − 4,
by Lemma 2.2, T ′′ is n-burnable. Hence, T is (n + 1)-burnable by following the
burning sequence of T ′′ from the second burning source onwards.
Therefore, it remains to prove (∗), which is equivalent to the following claim.
Claim. k(3m − 2 − 2k) ≥m2 −m.
Proof of the claim. Note that k ≤ n < m and recall that 2k ≥ m. Hence, we have⌊m+1
2
⌋ ≤ k ≤m−1. By observing that k(3m−2−2k) is a quadratic function in k, it
is straightforward to check that the function is minimized at k =m − 1 within the
interval [⌊m+1
2
⌋ ,m − 1]. Hence, k(3m−2−2k) ≥ (m−1)[3m−2−2(m−1)] =m2−m.
Therefore, the claim follows.
The proof is now complete. 
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Remark 2.4. From the proof of Lemma 2.3, it can be seen that in the burning
process of T in m rounds, the head of T is burned in either the first round or the
second round.
Lemma 2.5. Let n ≥ 1 and suppose T is a path forest with n paths. If m ≥ n and
T has order at most 3m − 1 − n, then T is m-burnable.
Proof. We argue by induction on n. The base step n = 1 is straightforward.
For the induction step, suppose n > 1 and the lemma is true for n − 1. If the
longest path of T has order one, then since n ≤ m, it is trivially m-burnable.
Else if the longest path of T has order between 2 and 2m − 1, then by deleting
a/this longest path, we get a path forest T ′ with n − 1 paths and order at most
3m − 1 − n − 2 = 3(m − 1) − 1 − (n − 1); hence, by the induction hypothesis, T ′
is (m − 1)-burnable and thus T is m-burnable. Otherwise, the longest path of
T has order more than 2m − 1. Again, by deleting this longest path, we get a
path forest T ′′ with n − 1 paths and order at most 3m − 1 − n − 2m = m − 1 − n.
Note that m − 1 − n ≥ n − 1, implying that m ≥ 2n ≥ n + 2. Also, note that
(2m − 3) + (2m − 1) = 4m − 4 is larger than the order of the longest path. Since
m − 2 ≥ n − 1 and (because m ≥ 4)
∣T ′′∣ ≤m − 1 − n ≤ 3(m − 2) − 1 − (n − 1),
by the induction hypothesis, T ′′ is (m−2)-burnable and thus T is m-burnable. 
Theorem 2.6. Let n ≥ 2. Every n-spider of order at most n2 + 3n − 1 is
(n + 1)-burnable. Furthermore, if l is the length of the shortest arm, then the
spider can be burned in n+1 rounds in such a way that after the head of the spider
is burned, there are still at least min{l, n − 1} rounds.
Proof. We argue by induction n. For the base step n = 2, it is straightforward to
check that every 2-spider of order at most nine can be burned in three rounds in
such a way that its head is not burned last. For the induction step, suppose n > 2
and the theorem is true for n − 1.
Suppose T is an n-spider with arm lengths l1 ≥ l2 ≥ ⋯ ≥ ln such that ∣T ∣ ≤
n2 +3n−1. If l1 ≤ 2n+1, then we are done by Lemma 2.3 and Remark 2.4. Hence,
assume l1 > 2n + 1. Let l′1 = l1 − (2n + 1).
Case 1. ln ≤ n − 2.
Case 1.1. l′
1
≥ ln.
Let T ′ be the (n − 1)-subspider of T with arm lengths l′
1
, l2, . . . , ln−1. Since
∣T ′∣ ≤ n2 + 3n − 1 − (2n + 1) − 1 = (n − 1)2 + 3(n − 1) − 1,
by the induction hypothesis, T ′ can be burned in n rounds in such a way that
there are still at least min{l′
1
, ln−1, n − 2} rounds left after the head of the spider
is burned. To see that T is (n + 1)-burnable, we burn the last 2n + 1 vertices on
the first arm of T by the first burning source. Since min{l′
1
, ln−1, n − 2} ≥ ln, the
remaining vertices of T can be burned according to the burning sequence of T ′.
Case 1.2. l′
1
< ln.
Let T ′′ be obtained by deleting the longest arm from T . Since
∣T ′′∣ ≤ n2 + 3n − 1 − (2n + 2) = (n − 1)2 + 3(n − 1) − 1,
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by the induction hypothesis, T ′′ can be burned in n rounds in such a way that
there are still at least min{ln, n − 2} rounds left after the head of the spider is
burned. To see that T is (n + 1)-burnable, again we burn the last 2n + 1 vertices
on the first arm of T by the first burning source. Since min{ln, n−2} = ln > l′1, the
remaining vertices of T can be burned according to the burning sequence of T ′′.
Case 2. ln ≥ n − 1.
We consider a burning process with n+ 1 rounds where the first burning source
is placed at the head of T .
Case 2.1. l′
1
≤ n − 2.
This implies that l1 ≤ (n − 2) + (2n + 1) = n + (2n − 1). Hence, using the second
source together with the first source placed at the head of T , the first arm can
be completely burned. Let k be the number of the other arms with length more
than n. (If k = 0, then T would be fully burned at the end of the burning process
by the first two burning sources.) Assume k is positive. Then the vertices remain
unburned by the first two sources form a path forest with k paths and order at
most
n2 + 3n − 2 − kn − (n − k − 1)(n − 1) − (2n + 2) = 3n − 5 − k < 3(n − 1) − 1 − k.
Hence, by Lemma 2.5, this path forest is (n − 1)-burnable and therefore T is
(n + 1)-burnable.
Case 2.2. l′
1
≥ n − 1.
This implies that l1 ≥ 3n. Let k be the number of the other arms with length
more than n. Note that k ≠ n − 1 or else l1 ≤ n2 + 3n − 2 − (n − 1)(n + 1) = 3n − 1,
a contradiction. Using the second source together with the first source, the first
3n−1 vertices of the first arm would be burned at the end of the burning process.
Then the vertices remain unburned by the first two sources form a path forest
with k + 1 paths (possibly k = 0) and order at most
n2 + 3n − 2 − kn − (n − k − 1)(n − 1) − (3n − 1) = 2n − 2 − k.
Since n ≥ 3, it follows that
2n − 2 − k ≤ 3n − 5 − k = 3(n − 1) − 1 − (k + 1).
Therefore, noting that k+1 ≤ n−1, this path forest is (n−1)-burnable by Lemma 2.5
and thus T is (n + 1)-burnable.
Therefore, the above cases complete the proof of the lemma. 
Theorem 2.7. Let m > n ≥ 2. Every n-spider of order at most m2 + n − 2 is
m-burnable.
Proof. Fix an arbitrary n ≥ 2. We argue by induction on m. The base step
m = n + 1 holds by Theorem 2.6. Now, suppose m > n + 1 and the theorem holds
for m − 1. Suppose T is an n-spider of order at most m2 + n − 2 with arm lengths
l1 ≥ l2 ≥ ⋯ ≥ ln. If l1 ≤ 2m − 1, we are done by Lemma 2.3. Hence, assume
l1 > 2m − 1. Let l′1 = l1 − (2m − 1) and let T ′ be the n-spider with arm lengths
l′
1
, l2, . . . , ln. Since ∣T ′∣ ≤m2 + n − 2 − (2m − 1) = (m − 1)2 + n − 2, by the induction
hypothesis, T ′ is (m − 1)-burnable. Now, by placing the first burning source at
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the center of the last 2m − 1 vertices of the first arm of T , and then follow the
burning sequence of T ′, we deduce that T is m-burnable. 
Lemma 2.8. Let m ≥ 2. The balanced m-spider of order m2+1 is not m-burnable.
Proof. The case m = 2 is trivial. Suppose m ≥ 3. We argue by contradiction.
Assume the balanced m-spider T with each arm length being m is m-burnable.
Note that any two arms together with the head of the spider forms a path of order
2m + 1. Hence, in a burning process of m rounds, if any burning source placed
at this path burns one of the end vertices, then at least two vertices at the other
end of the path would not be burned by this source. It follows that in m rounds,
assuming m − 1 leaves are burned by the first m − 1 burning sources, the last
two vertices of the arm with the remaining leaf would not be burned. However,
it would be impossible to complete the burning process using the last remaining
burning source. 
Theorem 2.9. Let n ≥ m ≥ 2. If T is an n-spider of order at most m2 + n − 2,
then T is m-burnable unless T contains the balanced m-spider of order m2 + 1 as
a subtree (when n ≥ 3).
Proof. The case n = 2 is straightforward. Let n ≥ 3 and 2 ≤ m ≤ n. Suppose T is
an n-spider of order at most m2+n−2 with arm lengths l1 ≥ l2 ≥ ⋯ ≥ ln. Assume T
does not contain the balanced m-spider of order m2 + 1 as a subtree. This implies
that lm ≤m − 1.
Case 1. lm ≤m − 2.
Let T ′ be the (m − 1)-subspider of T consisting of the first m − 1 arms of T
together with the head. Note that m − 1 ≥ 2 in this case and
∣T ′∣ ≤m2 + n − 2 − (n −m + 1) =m2 +m − 3 = (m − 1)2 + 3(m − 1) − 1.
Hence, by Theorem 2.6, T ′ can be burned in m rounds in such a way that after
the head of T ′ is burned, there are still at least min{lm−1,m−2} rounds left. Since
min{lm−1,m − 2} ≥ lm ≥ ⋯ ≥ ln, it follows that T is m-burnable.
Case 2. lm =m − 1.
We consider a burning process with m rounds where the first burning source is
placed at the head of T . Then the first m − 1 vertices of each of the first m arms
and the entire last n −m arms would be burned at the end of the process by the
first source. Hence, the number of vertices unburned by the first source is at most
m2 + n − 3 −m(m − 1) − (n −m) = 2m − 3
and they form a path forest T ′′ with k paths, where 1 ≤ k ≤m − 1. Since
2m − 3 ≤ 2m − 3 + (m − 1 − k) = 3(m − 1) − 1 − k,
it follows by Lemma 2.5 that T ′′ is (m − 1)-burnable and thus T is m-burnable.
Therefore, the proof is complete. 
Proof of First Main Theorem. Fix an arbitrary integer n ≥ 2. Suppose m > n.
The n-spider with arm lengths m2 − 1,1,1, . . . ,1
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−1 times
has a path of length m2 + 1 as a
subtree. Hence, it is not m-burnable. Therefore, by Theorem 2.7, Ispn,m =m2+n−2.
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Now, suppose 2 ≤ m ≤ n. Note that the unique n-spider with arm lengths
m,m, . . . ,m
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
m times
,1,1, . . . ,1
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−m times
of order m2 + n −m + 1 is the smallest (by order) n-spider
containing the balanced m-spider of order m2 + 1 as a subtree. Therefore, by
Lemma 2.8 and Theorem 2.9, Ispn,m =m2 + n −m. 
3. Main Result on Path Forests and Its Application
In this section, we first prove our main result on path forests. Then we apply
it to give an alternative proof of our Theorem 2.7.
Lemma 3.1. Let m ≥ 2. If T is a path forest with two paths and ∣T ∣ ≤m2, then T
is m-burnable unless the path orders of T are m2 − 2 and 2.
Proof. We argue by induction on m. The base step m = 2 is straightforward. For
the induction step, suppose m > 2 and the lemma is true for m − 1. Now we may
assume T is a path forest of order m2 with two paths of path orders l1 ≥ l2.
Since m > 2, it follows that m2 > 2(2m−2), thus implying that l1 ≥ 2m−1. Note
that l1 = 2m−1 can hold only when m = 3 and in this case, T is clearly 3-burnable.
Suppose l1 > 2m−1 and let l′1 = l1−(2m−1). Let T ′ be the path forest with path
orders l′
1
and l2. Since l′1+l2 =m2−(2m−1) = (m−1)2, by the induction hypothesis,
T ′ is (m−1)-burnable unless {l′
1
, l2} = {(m−1)2−2,2}. So if (l1, l2) ≠ (m2−2,2) and
(l1, l2) ≠ (2m+1, (m−1)2−2), we can deduce that T is m-burnable (by placing the
first burning source at the first path of T accordingly, and then follow the burning
sequence of T ′). The case (l1, l2) = (2m + 1, (m − 1)2 − 2) can only happen when
m ∈ {3,4}, that is, when (l1, l2) = (7,2) or (l1, l2) = (9,7). The special case T with
(l1, l2) = (9,7) is clearly 4-burnable. 
Lemma 3.2. Let n ≥ 2 and suppose T is a path forest with n paths. If the order
of T is at most 3n− 2, then T is n-burnable unless the smallest path order of T is
two.
Proof. We argue by induction on n. The base step n = 2 is straightforward. For
the induction step, suppose n > 2 and the lemma is true for n−1. Let T be a path
forest with path orders l1 ≥ l2 ≥ ⋯ ≥ ln ≥ 1 such that l1 + l2 +⋯+ ln ≤ 3n − 2. It can
be easily deduced that 3 ≤ l1 ≤ 2n − 1.
Suppose ln ≠ 2. Let T ′ be the path forest obtained by deleting the first path of T .
Since l2+l3+⋯+ln ≤ 3n−2−3 = 3(n−1)−2 and ln ≠ 2, by the induction hypothesis,
T ′ is (n − 1)-burnable and thus T is n-burnable (because l1 ≤ 2n − 1). 
Theorem 3.3. Let m ≥ n ≥ 2 and suppose T is a path forest with n paths. If
∣T ∣ ≤m2 − (n − 1)2 + 1,
then T is m-burnable unless ∣T ∣ =m2 − (n− 1)2 + 1 and T is the unique path forest
with path orders m2 − n2 + 2,2,2, . . . ,2
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−1 times
.
Proof. We argue by induction on n. The base step n = 2 follows from Lemma 3.1.
For the induction step, suppose n > 2 and the theorem is true for n − 1 (and all
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m ≥ n − 1). To prove that the theorem is true for all m greater than or equal to
this fixed n, we shall argue by induction on m. Suppose m = n and so
∣T ∣ ≤m2 − (n − 1)2 + 1 = 2n < 3n − 2.
Then by Lemma 3.2, T is n-burnable unless the smallest path order of T is two,
in which case T is the unique path forest with path orders 2,2, . . . ,2
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n times
.
Now, suppose m > n and the theorem is true for m − 1 (for this fixed n). We
may assume that T is a path forest of order m2 − (n − 1)2 + 1 with path orders
l1 ≥ l2 ≥ ⋯ ≥ ln and
(l1, l2, l3, . . . , ln) ≠ (m2 − n2 + 2,2,2, . . . ,2). (∗)
We consider two cases.
Case 1. l1 ≥ 2m.
Let T ′ be the path forest with path orders l1 − (2m − 1), l2, l3, . . . , ln. Note that
∣T ′∣ = (m − 1)2 − (n − 1)2 + 1. By the induction hypothesis, T ′ is (m − 1)-burnable
and thus T ism-burnable unless the path orders of T ′ are (m−1)2−n2+2,2,2, . . . ,2
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−1 times
.
Hence, by assumption (∗), it follows that l1 = 2m + 1, l2 = (m − 1)2 − n2 + 2, and
l3 = l4 = ⋯ = ln = 2. Since m > n ≥ 3, it can be verified that 2m+1 ≥ (m−1)2−n2+2
is only possible when m = n + 1 or m = n + 2. However, the case m = n + 1 violates
assumption (∗). Therefore, it remains to see that the path forest T with path
orders 2n+5,2n+3,2,2, . . . ,2
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−2 times
is (n+2)-burnable. Indeed, since (2n−1)+(2n+1) =
4n > 2n + 5, this path forest can be burned in n + 2 rounds by placing the first
burning source at the center of the second path of T , and the second and the third
burning sources at the first path of T .
Case 2. l1 ≤ 2m − 1.
Note that
m2 − (n − 1)2 + 1 − 2n(m − n + 1) =m2 − 2mn + n2 = (m − n)2 > 0.
It follows that l1 > 2(m − n + 1). Let T ′′ be the path forest with path orders
l2, l3, . . . , ln. Then
∣T ′′∣ <m2 − (n − 1)2 + 1 − 2(m − n + 1) = (m − 1)2 − (n − 2)2 + 1.
Therefore, since the theorem is true for n−1 by the first induction hypothesis, we
know T ′′ is (m − 1)-burnable and thus T is m-burnable (because l1 ≤ 2m − 1).
The proof is complete. 
Our Second Main Theorem follows as a corollary.
Using our main result (Theorem 3.3) on path forests, we give an alternative
proof of Theorem 2.7. One difference is that the series of proofs given in Section 2
only uses fairly weak technical results on path forests (Lemmas 2.2 and 2.5). The
presentation of both proofs are provided so that it may give the readers a different
perspectives and insight. We now restate Theorem 2.7 with an additional clause.
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Theorem 3.4. Let m > n ≥ 2. Then every n-spider of order at most m2 +n− 2 is
m-burnable. Furthermore, if l is the length of the shortest arm, then the graph can
be burned in m rounds in such a way that after the head of the spider is burned,
there are still at least min{l,m − 2} rounds.
Proof. We argue by induction on n. For the base step n = 2, let m > n and suppose
T is a 2-spider of order at most m2 with arm lengths l1 ≥ l2. If l2 ≤m − 1, then by
placing the first burning source at the (m − 1 − l2)-th vertex of the first arm, it is
clear that this 2-spider can be burned in m rounds where the entire second arm is
burned by this first burning source. Suppose l2 ≥m and l2 ≠m+1. If we place the
first burning source at the head of the spider, the first m − 1 vertices of each arm
would be burned in m rounds. The remaining (m − 1)2 vertices unburned by the
first source form two independent paths, neither which has order two. Hence, by
Lemma 3.1, this path forest is (m − 1)-burnable and thus T is m-burnable. The
only remaining case for the 2-spider is when l2 = m + 1. In such a scenario, it is
straightforward to check that there is a burning process of m rounds where the
first burning source is placed at the first vertex of the second arm. Therefore, the
base step is complete.
For the induction step, suppose n > 2 and the theorem is true for n − 1. Let
m > n and suppose T is an n-spider of order at most m2 + n − 2 with arm lengths
l1 ≥ l2 ≥ ⋯ ≥ ln.
Claim. We may assume that ln ≥m − 1.
Proof of the claim. Suppose ln ≤ m − 2. Let T ′ be the (n − 1)-spider obtained
by deleting the n-th arm of T . Since ∣T ′∣ ≤ m2 + (n − 1) − 2, by the induction
hypothesis, T ′ can be burned in m rounds in such a way that after the head of
the spider T ′ is burned, there are still at least min{ln−1,m − 2} rounds. The same
burning sequence can clearly burn T because min{ln−1,m − 2} ≥ ln.
With the claim, we now have li ≥ m − 1 for all 1 ≤ i ≤ n. We will show that
except for some special cases, T is m-burnable with the first burning source being
the head and thus there are m− 1 rounds left after the head is burned. Note that
the first m−1 vertices in each arm will be burned by the first source in m rounds.
The remaining vertices form a path forest T ′′ with k-paths, where 1 ≤ k ≤ n, such
that
∣T ′′∣ ≤m2 + n − 3 − n(m − 1) =m2 −mn + 2n − 3.
If k = 1, then T ′′ is (m − 1)-burnable because it can be shown that ∣T ′′∣ < (m − 1)2
(due to m > n > 2). Suppose k ≠ 1.
Case 1. m ≥ n + 2. Then
∣T ′′∣ ≤m(m − n) + 2(n − 2) + 1≤m(m − n) + (m − n)(n − 2) + 1= (m + n − 2)(m − n) + 1= (m − 1)2 − (n − 1)2 + 1≤ (m − 1)2 − (k − 1)2 + 1.
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By Theorem 3.3, T ′′ is (m − 1)-burnable and therefore T is m-burnable unless
∣T ′′∣ = (m−1)2−(k−1)2+1 and the path orders of T ′′ are (m−1)2−k2+2,2,2, . . . ,2
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
k−1 times
.
Note that this exceptional T ′′ is possible only when k = n and m = n + 2. This
leads us to the following special case.
Special Case 1. m = n + 2, l1 = 3n + 4, and l2 = l3 = ⋯ = ln = n + 3.
We place the first burning source at the first vertex of the n-th arm and thus
in a burning process of m rounds, there are m − 2 rounds left after the head is
burned. Now, this first source would burn the first n vertices of each of the first
n − 1 arms and the first n + 2 vertices of the n-th arm in n + 2 rounds. Hence, the
remaining vertices form n independent paths of orders 2n + 4,3,3, . . . ,3
´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n−2 times
,1. It is
easy to see that this path forest can be burned with the remaining n + 1 burning
sources since (2n − 1) + (2n + 1) = 4n > 2n + 4.
Case 2. m = n + 1.
Then ∣T ′′∣ ≤ 3n − 2. First, suppose 2 ≤ k ≤ n − 1. Then
n2 − (k − 1)2 + 1 ≥ n2 − (n − 2)2 + 1 = 4n − 3 > 3n − 2
and thus the order of T ′′ is strictly less than n2−(k−1)2+1. Hence, by Theorem 3.3,
T ′′ is n-burnable and thus T is m-burnable. Now, suppose k = n. Then by
Lemma 3.2, T ′′ is n-burnable and thus T is m-burnable unless the smallest path
order of T ′′ is two. This leads us to the following special case.
Special Case 2. m = n + 1 and ln = n + 2.
As in Special Case 1, we place the first burning source at the first vertex of the
n-th arm. This first source would burn the first n − 1 vertices of each of the first
n − 1 arms and the first n + 1 vertices of the n-th arm in n + 1 rounds. Hence, the
remaining vertices form n independent paths of orders l′
1
≥ l′
2
≥ ⋯ ≥ l′n where
l′1 + l
′
2 +⋯ + l
′
n ≤ 4n − 4 = (n + 1)2 + n − 2 − (n − 1)(n − 1) − (n + 1) − 1,
l′n = 1 and l′n−1 ≥ 3. Hence, by Lemma 2.2, this path forest is n-burnable and thus
T is (n + 1)-burnable.
The proof is now complete. 
4. Conclusion
This work is initiated based on an intuition that the more deviation from a
path a tree is, the less number of rounds is needed to completely burn it. This
is reflected in our main result on spiders: the number of arms determines how
much larger the order of a spider can go beyond m2 before being m-burnable is
not guaranteed. Based on this finding, we conceive that the number of leaves of
a tree is one deciding characteristic of its burning number. As a future direction,
we would pursue the following conjecture.
Conjecture 4.1. Suppose m > n. Every tree with n leaves of order at most
m2 + n − 2 is m-burnable.
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As a conclusion, this work presents a new perspectives towards the burning
number conjecture. Although what we aim is stronger than the burning number
conjecture, as shown by this work, this new approach may be more effective and
feasible as utilization of the right characteristics of graphs may turn out to be the
key in understanding burning numbers.
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